Markov's inequality asserts that for every polynomial of degree at most n. The magnitude of
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have all but at most m zeros outside K(r). In 1963 G. G. Lorentz [6] 
. .
with a constant depending only on k. He observed the relation S:(l) c P,( -1, 1) as well. For the first derivative J. T. Scheick [7] extended Erdiis' inequality for polynomials from P,( -1, 1) with the best possible constant e/2. In [3] , T. Erdelyi proved the sharp inequality -;ycl IpCk)(x)l dc(k)min{n*, nr-1'2}k pyxC, iP( . . . .
for polynomials of degree at most n having no zeros in the union of the circles with diameters [ -1, -1 + 2r] and [l -2r, 11, respectively (0 < r < 1). In this paper we examine the magnitude of SUP max-l,xGl IP'WI pEs mab,,,, IPWI '
where S = SF(r) (0 <m 6 n, 0 < r < 1) and establish the exact order up to a multiplicative constant depending only on m. The theorem we prove is a common generalization of Markov's inequality (r = 0, m = 0) and Lorentz's result (r = 1, m = 0).
NEW RESULT
THEOREM. For every 0 < r d 1 and 0 6 m d n we have cl(m)(n + (1 -r)n') < sup max-l<x<l lP'b)l pe$yr) max-1,x,, IP( < c2(m)(n + (1 -r)n*), where cl(m) and c*(m) depend only on m.
LEMMAS FOR THE THEOREM
To prove our theorem we need several lemmas. First we deal with the upper bound. The crux of the proof is to give the desired upper bound for (p'( 1 )I, from this we will deduce the right hand side inequality easily. first lemma guarantees the existence of an extremal polynomial with some additional properties. Let iqr)= {zd:
Iz-r/21 <r/2) and denote by S:(r) (0 < m < n, 0 < Y < 1) the set of those polynomials from 17, which have all but at most m zeros outside @I(Y). LEMMA 1. Let 0 <Y d 1 and 0 <m < n. There exists a pa~y~arn~a~ Q, E s:(r) with the following properties:
(if lQXl)l/max,,,,, lQ,b)l =sup,,~~~r,(lp'(l)l/max,.,.,lp(x)l~.
(ii) Q,, has all but at most m zeros in the set {z E C: Iz -r/21 = r/2) v [r, 11, and the remaining at most m zeros are in (0, r).
To formulate our next lemma we need to introduce a number of notations. According to Lemma Observe that (7) implies 
From (17) and (18) 
then we have where cj(m) is a constant depending only on m.
Our following lemma is a slight extension [2, Corollary 3.11 of a deep theorem of Borwein [l]. We will not prove it in this paper. 
PROOF OF THE LEMMAS
Proof of Lemma 1. Let 0 <q < 1 be fixed. We first consider the corresponding extremal problem for the uniform norm on [O, ~1, lQb,(l)l IP'(l)l maxo.,.,lQn,,(x)l =pS$r) maxo,,,,liWl'
The subset of polynomials in g:(r) whose uniform norm on CO, g bounded by 1 is compact and the operator p -+ p'(l) is continuous on this subset. This guarantees the existence of maximal Qn,, in (21). To prove that (ii) holds for Qn,rl, first we show that Q,,,(zi) = 0, z1 #R imply Izl -r/2/ = r/2. Suppose indirectly that Q,,,(zi) = 0, z1 $ R, and Jzl -r/2 1 # r/2. Then the polynomial with a sufficiently small E > 0 contradicts the maximality of Qn,, . Now we prove that QnJzl) = 0, z1 E R\(O, Y) imply either z1 = 0 or z1 E [r, 11. By the just proved part of the lemma, Qn,, is of the form To finish the proof of the lemma we show that x1 < 0 or xy > 1 contradicts the maximality of Q,,,. To see this we distinguish three cases. Now observe that p*(x) is a polynomial of degree at most n, which has all but at most [2Os(l-r*)] + m zeros at 0 (see (28), (14), (15), (9), and (lo)), so using Lemma 3 and (16), we obtain Ml)l G 1WWl-y*) + m + 1) ,y:$, Mx)l . . 
REMARK ON THE HIGHER DERIVATIVES
Observing that p E P:(r) (0 <m < n -1, 0 < r d 1) implies p E Pr' l(r), from the result of Section 5, by induction on m we obtain COROLLARY 1. We have m~;cl I~"(x)l~c~(m)(n+(l-r)n')"~~~<~ IP( . .
for every p E P:(r).
PROOF OF THE LOWER ESTIMATE OF THE THEOREM AND THE SHARPNESS OF COROLLARY 1
In this section we prove that max sup
To show this we distinguish two cases. We introduce the polynomial
Observe that
(-1 dxb l/2), (41) and from (39) we deduce The left hand side inequality can be obtain by taking the polynomials (x+ r)". When 1 <r< 2 the right hand si inequality follows from Lorentz's Theorem (see Theorem B in [3] ) and t observation that a polynomial p E SE ( 1) 58) is obviously between O(n) and n2. What is the exact order of (58)? The author was not able to prove even that the order of (58) is o(n') but conjectures that it is O(n).
